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Abstract
We investigate the algebraic structure of integrable hierarchies that, we
propose, underlie models of W -gravity coupled to matter. More precisely,
we concentrate on the dispersionless limit of the topological subclass of
such theories, by making use of a correspondence between Drinfeld-Sokolov
systems, principal sℓ(2) embeddings and certain chiral rings. We find that
the integrable hierarchies can be viewed as generalizations of the usual
matrix Drinfeld-Sokolov systems to higher fundamental representations of
sℓ(n). Accordingly, there are additional commuting flows as compared to
the usual generalized KdV hierarchy. These are associated with the en-
veloping algebra and account for degeneracies of physical operators. The
underlying Heisenberg algebras are nothing but specifically perturbed chi-
ral rings of certain Kazama-Suzuki models, and have an intimate connec-
tion with the quantum cohomology of grassmannians. Correspondingly,
the Lax operators are directly given in terms of multi-field superpotentials
of the associated topological LG theories. We view our construction as a
prototype for a multi-variable system and suspect that it might be useful
also for a class of related problems.
CERN-TH.6988/93
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1. Introduction
There is considerable interest in the study of 2d conformal matter coupled to grav-
ity. In particular, minimal models of type (p, q) coupled to gravity can be described
in terms of matrix models [1], whose dynamics are governed by the (generalized) KdV
hierarchy [2–4]. Recently, an infinite series of new theories based onW -matter coupled
toW -gravity has been constructed [5,6]. Since these theories appear to be on a footing
similar to ordinary gravity, one might suspect that there exists an infinite sequence
of new types of matrix models too, governed by certain integrable hierarchies.
The present paper is a first attempt to identify the algebraic structure of these
integrable systems.
†
We certainly would not be surprised if these “new” hierarchies
ultimately turn out to be equivalent to some already known (say, multi-component
[7]) generalization of the KP-hierarchy. It seems that in particular the work in refs.
[8–11] is, in one way or another, related to ours. However, so far no connection of these
integrable systems to concrete models of 2d-gravity was made, and such a connection
will be one of the virtues of our construction.
Since we do not know the precise structure of the suspected new matrix models
as yet, we cannot derive the hierarchies from first principles, i.e., in the way the
KdV hierarchy can be extracted from the usual matrix models [2–4]. Rather, we will
follow an indirect route by making use of a connection to topological Landau-Ginz-
burg theory [12]. For this, we will need to focus on a sub-class of theories, that is,
on the topological models of type (1, q), in the dispersionless limit (we also restrict to
the “small phase space” of primary matter couplings, where this limit is exact). We
reserve the extension to general (p, q) for future work.
More specifically, recall that the ordinary (1, q) Virasoro minimal models coupled
to gravity are closely related [13,14,15,6] to the twisted [16,17] N=2 superconformal
minimal models of type Ak+1 (where k= q−2). The point is [14] that the Landau-
Ginzburg potentials of these topological models, W (x, g), are very similar to the Lax
operators L(D, g) of the (1, q) type of KdV hierarchy. In fact, in the dispersionless
limit [18], where D → x, L and W coincide and the KdV flow equations, which
† To prevent confusion at an early stage, note that we will not be talking about the well-known
classical, Poisson bracket W -algebra of the generalized KdV hierarchy, which arises already
in ordinary gravity. What we are about to discuss is an extension that sits on top of this
structure. See section 4 for an expose´ of the general scheme.
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determine the dynamics of the (1, q) matrix models, become equivalent to the Gauß-
Manin equations [19,20], which determine the correlation functions of the LG models
[14].
Our strategy will be to first make an inspired guess about the structure of the
integrable systems related to W -gravity, guided by the above-mentioned relationship
between topological LG theory and KdV integrable systems. In particular, at the
heart of our construction will be the generalization of the relationship between Lan-
dau-Ginzburg superpotential and dispersionless Lax operator to several variables.
We then would need to verify that the associated flow equations have the correct
solutions. While we were not able to prove this in generality, we checked explicitly
for a couple of examples related to W3 that the flow equations indeed reproduce at
least the correct flat coordinates of the topological matter models. From the logic of
the scheme it is fairly obvious that this feature should work in general. Note that
this is, ultimately, more than just determining flat coordinates in topological matter
systems: the integrable systems are supposed to describe not only the matter sector,
but also the gravitational sector of a theory.
More specifically, after having recalled the relationship betweenW -matter-gravity
systems and certain N =2 superconformal coset models, we will present in section 2
a useful characterization of the chiral rings of these coset models. It turns out that
principal embeddings of sℓ(2) play a crucial roˆle here, quite analogous to the well-
known roˆle they play in Drinfeld-Sokolov systems. In section 3, we will then first
reformulate the relationship between the KdV hierarchy and the ordinary N = 2
minimal models in a way that is most suitable for later generalization. We will in
particular note a close correspondence between the KdV matrix Lax operators and the
minimal model ring structure constants, and subsequently employ this correspondence
for the generalization toW3. Section 3 will be concluded with an explicit example and
with a brief discussion about some observations we made when we computed various
examples. In particular, we will find that the generalized flow equations are just the
integrability conditions for the existence of a “prepotential”. Finally, in section 4 we
will review the philosophy of our construction and make as well some more speculative
remarks.
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2. Topological Wn models
2.1. Equivariant cohomology of Kazama-Suzuki models and W-gravity
The physical theories in focus are tensor products [21]
M(n)p,q ≡
[
M (n)p,q ⊗Wn Liouville⊗ ghosts
]
with p = 1 , (2.1)
where M
(n)
p,q denotes a (p, q) type minimal model of the Wn algebra [22], and
“Wn Liouville” denotes an sℓ(n) Toda theory that describes the coupling to Wn-
gravity (ordinary gravity corresponds to n = 2). There is strong evidence [6] that
the sub-class of (1, q) type of theories is equivalent to topological matter coupled to
topological W -gravity [23]:
M
(n)
1,q=k+n
∼=
[
CPtopn−1,k ⊗ topological Wn gravity
]
(2.2)
Here, CPtopn−1,k denotes a minimal topologicalWn matter model [24] at level k, which is
nothing but the twisted version [25] of a N=2 superconformal coset model [26] based
upon SU(n)kU(n−1) , with anomaly c =
3k(n−1)
n+k . The physical spectrum of (2.2) is given by
a chiral ground ring [27], which consists of two parts. The matter part is given by
the primary chiral ring of the matter model CPtopn−1,k, which is generated by fields xi,
i = 1, . . . , n− 1 (with U(1) charges q(xi) =
i
n+k ) and which can be represented by
Rxn,k =
{ n−1∏
i=1
(xi)
mi ,
∑
mi ≤ k
}
. (2.3)
The remaining part consists of the gravitational descendants and is generated by
operators σi, i = 1, . . . , n − 1 (with U(1) charges q(σi) = 1). The complete
†
ground
ring thus has the form
Rx,σn,k = R
x
n,k ⊗
{ n−1∏
i=1
(σi)
li , li = 0, 1, 2, . . .
}
. (2.4)
It is well-known that the matter models CPtopn−1,k have a Landau-Ginzburg re-
alization, where the LG fields represent the ground ring generators xi above. The
† Originally [6], only a subset of these ring elements was considered, namely the subset that is
associated with generators with charges q(σi) = i.
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superpotentials Wn,k(xi) were explicitly given in [28,29] and can be compactly char-
acterized by the following generating function:
− log
[ n−1∑
i=1
(−t)ixi
]
=
∞∑
k=−n+1
tn+kWn,k(x) (2.5)
These superpotentials obey the following recursive identity that will be important in
the following:
Wn,k(x) =
1
n+ k
∇xWn,k+1(x) ,
∇x ≡
n−1∑
i=1
(n− i) xi−1
∂
∂xi
(2.6)
This identity can easily be proven by observing that the differential operators ∇x and
∇t = t
2 ∂
∂t
+ (n− 1) t
give the same result when acting on the LHS of (2.5).
It is also known [6] that by changing the cohomological definition of topological
matter models CPtopn−1,k, i.e., by requiring equivariant cohomology [30], the gravita-
tional sector can be represented entirely in terms of the matter sector:
[
CPtopn−1,k ⊗ topological Wn gravity
]
∼= CP
top
n−1,k
∣∣∣
equivariant
cohomology
. (2.7)
The gravitational sector is thus implicitly contained in the topological matter model,
and for the LG representation this means that (in equivariant cohomology) one can
represent the gravitational descendants in terms of LG fields as well. In particular,
for ordinary minimal models CPtop1,k ∼ Ak+1, one has the following LG representatives
[31,32]
σl(xi) ≡ (σ1)
l(x1)
i ∼= x
i+l(k+2)
1 ,
where x
(l+1)(k+2)−1
1 ≡ (σ1)
l∂xW2,k are BRST trivial. The equivariant LG spectrum
for k = 2 is depicted in Fig.1.
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Fig.1: Gravitational chiral ring associated with the model CPtop1,2 ∼
A3. The open dots describe null fields, and the repetitions of the
matter subring {1, x, x2} correspond to the gravitational excitations.
Mathematically, the picture represents the highest weight represen-
tations of ŝℓ(2) at level 2; the matter subring corresponds to the
subset of integrable representations. It also represents the spectrum
of type (1, k + 2) KdV flows.
The situation is analogous for the models CPtop2,k associated with W3-gravity, on
which we will primarily focus in the following. It is convenient choose a specific
ring basis in these models, namely the eigenbasis corresponding to the underlying
W3-symmetry [33]. This basis is given by the LG polynomials
Φm1,m2(x1, x2) = x2
m2
( ∂
∂x1
W3,m1−2(x1, x2)
)
, m1,2 ≥ 0 , (2.8)
so that the matter chiral ring (2.3) can be represented as
Rx3,k =
{
Φm1,m2(x1, x2) , m1 +m2 ≤ k
}
. (2.9)
By writing λm1,m2 = m1λ1+m2λ2 (where λ1,2 are the fundamental weights of sℓ(3)),
the ring elements (2.9) can be associated with the integrable highest weights of ŝℓ(3)
at level k. If one requires equivariant cohomology (in order to incorporate the W -
gravitational descendants), one finds [33,34] that the LG polynomials Φm1,m2 corre-
sponding to all (in general not integrable) highest weights become physical. Recalling
the structure of the affine highest weights, one can thus represent the complete spec-
trum in terms of LG variables as follows:
Rx,σ3,k =
{
Φm1,m2(x1, x2) : (λ
m1,m2 + ρ) · αi 6= 0mod (k+3)
}
(2.10)
(here, ρ and αi denote Weyl vector and roots of sℓ(3)). We depicted the spectrum for
k = 2 in Fig.2.
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Fig.2: Landau-Ginzburg representation Φm1,m2(x1, x2) of the grav-
itational chiral ring associated with the model CPtop2,2 . The open dots
describe null fields, and the repetitions of the matter “triangle” cor-
respond to the W3-gravitational excitations. The picture represents
the highest weight representations of ŝℓ(3) at level 2.
It is clear that Fig.1 represents simultaneously the spectrum of type (1, k + 2)
KdV flows, which describe the dynamics of the ordinary matter-gravity systems CPtop1,k .
Each black dot corresponds to a flow hamiltonian, and each open dot to a trivial flow.
In the following, we attempt to find integrable systems that pertain in an analogous
way to spectra of W -gravity systems, like to the spectrum in Fig.2.
2.2. Chiral rings and principal embeddings of SU(2)
We like to characterize in this section the algebraic structure of the chiral rings
Rxn,k, which will turn out to be closely related to the structure of the generalized KdV
flow hamiltonians.
There is a well-known duality symmetry [26,35,36] among some of the N = 2
superconformal coset models, and in particular there is an isomorphism between the
coset models based on SU(m+l)kSU(m)×SU(n)×U(1) for all permutations of m, l, k. This allows
to associate the N =2 Wn minimal models CP
top
n−1,k (based on Gk/H =
SU(n)k
U(n−1)
) also
with the grassmannians G1/H=
SU(n+k−1)1
SU(n−1)×SU(k)×U(1) . The point is that for any such
model where G/H is a hermitian symmetric space, G is simply laced and the level
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of G is equal to one, there exist powerful theorems about the structure of the chiral
rings.
Specifically, it was noticed [28,37] that in such models, the chiral, primary fields
are in one-to-one correspondence with the Lie-algebra cohomology, and the primary
chiral ring of a given such model based on G/H is isomorphic to the Dolbeault coho-
mology ring of G/H. In particular,
Rxn,k
∼= H∗
∂
( SU(n+k−1)
SU(n−1)×SU(k)×U(1)
, IR
)
. (2.11)
That is, a chiral, primary field with N = 2 U(1) charge p
g+1
can be thought of as
an element of Hp,p
∂
(G/H, IR) (g denotes the Coxeter number of G; for G= SU(m),
g =m). A characterization of these chiral rings in terms of Chern classes of vector
bundles over G/H was given in [38,29].
In addition, it was shown that the chiral ring of any such theory has a close
relationship to a particular fundamental representation, Ξ, of G. The primary, chiral
fields are one-to-one to the weights of Ξ and their U(1) charges are given, up to a
uniform shift, by the dot product of the corresponding weight with the Weyl vector
ρG ≡
1
2
∑
( positiveroots )
α. The highest weight of Ξ (also denoted by Ξ) is defined by the
fundamental weight of G corresponding to the node of the G-Dynkin diagram that
defines the embedding of the U(1) factor in G. The possible choices of U(1) factors
correspond to the Dynkin nodes which have Kac weight equal to one, i.e., the allowed
representations Ξ are the level one representations of affine-G. For the specific models
under consideration, CPtopn−1,k, Ξ is given by the (n−1)-th fundamental representation
of G = SU(n + k − 1), with highest weight Ξ = (0, . . . , 0, 1, 0, . . . , 0) (where ”1”
appears at the (n− 1)-th entry).
This leads to a further characterization of the chiral rings that is most useful in
the present context. Crucial to this is the principal SU(2) subgroup S ⊂ G generated
by
I+ =
∑
simple
roots α
a(1)α Eα
I− =
∑
simple
roots α
a(−1)α E−α
I0 = ρG ·H ,
(2.12)
where E±α are, as usual, the generators of G in the Cartan-Weyl basis and a
(±1)
α are
coefficients such that [I+, I−] = I0. One can always take a
(1)
α ≡ 1, and this is what we
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will assume henceforth. The particular choice of I0 induces the “principal” gradation
of the generators of G: the I0 charge of a generator Eα is given by p = ρG · α. It is
a well-known mathematical fact [39] that the possible values of |p| are just given by
the exponents mi, i = 1, . . . , ℓ, of G. One can group the generators into sets of equal
I0 grade, and build the following linear combinations:
Λp =
∑
{α:ρG·α=p}
a(p)α Eα , for each p ∈ {±m1,±m2, . . . ,±mℓ} ,
with
[
Λp, I0
]
= pΛp
(2.13)
(where Λ1 = I+,Λ−1 = I−). The coefficients a
(p)
α (for |p| > 1) are determined from
(2.12) by requiring: [
Λp,Λq
]
= 0 for
{
p > 0, q > 0
p < 0, q < 0
(2.14)
For G = SU(m), one can take Λp =
∑m−p
i=1 Eei−ei+p (p = 1, 2, . . . , m− 1).
A useful theorem [40] can now be formulated as follows:
In the representation Ξ of G defined above, the matrices Λp (with p > 0)
†
generate
an algebra that is isomorphic to the cohomology ring H∗
∂
(G/H, IR).
It follows that the matrices Λp, p > 0 represent the Landau-Ginzburg fields xp
and that they are identical to the (unperturbed) ring structure constants:
(Cp)j
k
(0) = (Λp)j
k
(i, k = 1, . . . , dimΞ) . (2.15)
Ring multiplication is represented by simple matrix multiplication. Generic ring ele-
ments are given by polynomials in Λp, which do not necessarily belong to the algebra
of G; by definition, they belong to the enveloping algebra of G. The U(1) charge of
a ring element is equal to its I0 grade in units of 1/(g + 1). Obviously, Λ1 ≡ I+ is
always a generator of the ring, and this corresponds to the fact that in each coset
model, there is a unique Landau-Ginzburg field of lowest U(1) charge, q(x1) =
1
g+1 .
In a sense, the powers of Λ1 always describe the chiral ring of an ordinary N=2
minimal model, but if Ξ is larger than the defining representation of G, there exist
additional, independent commuting matrices (proportional to Λp6=1) that represent
additional ring elements. It is precisely this point of view that we will take later
to describe the integrable hierarchies: if one considers representations higher than
† One can equally well restrict to p < 0.
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the defining representation, then there will exist extra, commuting flows besides the
ordinary KdV flows.
In general, various Λp can be expressed in terms of powers of other Λq so that
they are not independent generators; which Λp are independent for a given group
G depends on the representation Ξ, i.e., on the choice of H. We will denote in
the following the independent generators by Λi, i = 1, . . . ,M . For the grassmannians
associated withWn gravity, there areM ≡ (n−1) independent generators with degrees
1, . . . , (n − 1), in accordance with (2.3). The independent generators represent the
independent Landau-Ginzburg fields xi, and satisfy certain relations. There is always
a subset of relations that generate all other ones; it is non-trivial [28] that these
generating vanishing relations are always of the form ∂xiW (x) = 0 for some W and
thus can be interpreted as the equations of motion of a Landau-Ginzburg theory with
superpotential W .
The fact that Λi represents the Landau-Ginzburg field xi, when acting on the
space of primary chiral fields, can be expressed by the following matrix system:[
xi 1− Λi
]
·Ψ = 0 , Ψj ∈ R
x . (2.16)
The components of the solution vector Ψ represent the weights of Ξ and can be
recursively solved for. The solution Ψj(xi) in terms of polynomials in the Landau-
Ginzburg fields thus gives the precise relationship between the weights of Ξ and the
Landau-Ginzburg fields. When all unknown Ψj are eliminated in favor of the first
component Ψ0 ≡ 1, the system (2.16) is reduced to a set of vanishing relations for
the Landau-Ginzburg fields xi. One can thus regard (2.16) as fundamental equations
characterizing the chiral ring. As we will see, Λi are closely related to Lax operators
of integrable systems.
To give some examples, consider first the models CPtop1,k , which are the same as the
ordinary twisted N=2 minimal models of type Ak+1. These models can be associated
to cosets SU(k+ 1)1/U(k), and Ξ is the defining representation of SU(k+ 1). There
is just one independent generator of the chiral ring, which can be represented by the
familiar, ubiquitous (k + 1)× (k + 1) dimensional matrix
Λ1 ≡ I+ =


0 1 0 . . . 0
0 0 1 . . . 0
...
...
...
. . .
...
0 0 0 . . . 1
0 0 0 . . . 0

 , (2.17)
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in terms of which the other Λp are given by
Λp = (Λ1)
p , p = 1, 2, . . . , k . (2.18)
The vanishing relation is
(Λ1)
k+1 = 0 , (2.19)
and this corresponds to the vanishing relation in H∗(CPk), and to the equation of mo-
tion of a LG model with superpotential W2,k(x, 0) =
1
k+2x
k+2. The matrix equation
[x1− Λ1]·Ψ = 0 has as solution vector
Ψ = (1, x, x2, . . . , xk)t , Ψj ∈ R
x
2,k , (2.20)
and leads to
xk+1Ψ0 = 0 .
This is just the characteristic equation
0 = det[x1− Λ1] = x
k+1 , (2.21)
and thus is the same as the relation (2.19) that the matrix Λ1 itself satisfies.
We now turn to the more interesting models CPtop2,k , on which we will primarily fo-
cus in the paper. These topological minimalW3 models are associated with the grass-
mannians G1/H =
SU(k+2)1
SU(k)×SU(2)×U(1) , where Ξ is the -representation (0, 1, 0, . . . , 0),
with dimΞ = 1
2
(k+1)(k+2) = dimRx3,k. The independent ring generators are x1
∼= Λ1
and x2 ∼= Λ2, with Λ2 6= (Λ1)
2 (for k ≥ 2).
For example, for k = 3 one has in the ten dimensional representation of SU(5):
Λ1 =


0 1 0 0 0 0 0 0 0 0
0 0 1 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 1 1 0 0 0 0
0 0 0 0 0 0 1 1 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0


, Λ2 =


0 0 1 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 1 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0


, (2.22)
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where Λ3 =
1
2Λ1
3+32Λ1Λ2, Λ4 = −
1
2Λ1
4−52Λ1
2Λ2 are not independent; the generators
satisfy the relations Λ1
3Λ2 + Λ1Λ2
2 = Λ2
2 − Λ1
4 − 4Λ1
2Λ2 = 0.
For general k, the ring generators satisfy certain relations that are the analogs
of the characteristic equation (2.21). These relations are generated by solving the
matrix system
[x11− Λ1] ·Ψ = [x21− Λ2] ·Ψ = 0 , (2.23)
and integrate exactly to the superpotentials given in (2.5), up to reparametrizations.
More precisely, we find that the superpotentials associated with the ring structure
constants Λ1,2 are given byW3,k(x1,
1
2
x2+
1
2
x1
2), and we will consider (implicitly) only
this parametrization of the superpotentials in the following. In this parametrization,
the relevant recursion relation (2.6) looks
W3,k(x, 0) =
1
k+3
[
∂x1 − x1∂x2
]
W3,k+1(x, 0) . (2.24)
Specifically, the first few such potentials for the models CPtop2,k are
W3,0(x) =
1
6x1
3 + 12x1x2 (trivial, c = 0)
W3,1(x) =
1
4x1
4 − 14x2
2 + 12x1
2x2 (A3, c =
3
2 )
W3,2(x) =
1
5
x1
5 − x1x2
2 (D6, c =
12
5
)
W3,3(x) =
1
3x2
3 − x1
4x2 − 2x1
2x2
2 (J10, c = 3) ,
(2.25)
where we also indicated the singularity types as well as the central charges of the
corresponding N = 2 theories. For k = 1, the N = 2 W3 algebra truncates to the
ordinary N=2 superconformal algebra, so that the D6 model represents the simplest
non-trivial N=2 W3 minimal model with a non-null chiral spin-3 current.
The components of the solution vectors to (2.23) are given, up to reparametriza-
tion and vanishing relations, precisely by the W3-eigenpolynomials:
{Ψi} =
{
Φm1,m2(x1,
1
2x2 +
1
2x1
2), m1 +m2 ≤ k
}
= Rx3,k
=
{
1, x1,
1
2
(x1
2 + x2),
1
2
(x1
2 − x2), x1x2, x1
3 + x1x2, . . .
}
.
(2.26)
This gives an explicit translation table between the weights of Ξ and the LG polyno-
mials, which are labelled by the ŝℓ(3) integrable highest weights (m1, m2).
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3. Matrix formulation of integrable hierarchies
3.1. Dispersionless KdV hierarchy
In order to present further below a matrix formulation of the ordinary KdV
hierarchy
†
[41,9,42] (pertaining to the LG models Ak+1 ∼= CP
top
1,k ), we will first review
some facts about the quasi-classical limit of the scalar Lax formulation.
The scalar Lax operator is given by
L(D, g) = 1k+2D
k+2 −
k∑
i=0
gi+2(t)D
k−i , (3.1)
where D ≡ ∂ξ, and where gi are certain functions of the KdV times ti and the
cosmological constant ξ. (We will restrict ourselves to the “small phase space”, i.e.,
the non-vanishing couplings correspond to the topological primary fields: ti = 0 for
i ≤ 1. A subscript will always denote the scaling degree.) The functions g(t, ξ) are
determined by the flow equations
∂ti+2L(D, g) =
[
Ωk+1−i, L
]
(D, g) , (3.2)
i = 0, . . . , k, where
Ωi(D, g) =
1
i
(
(k + 2)L
) i
k+2
+
(D, g) (3.3)
are the hamiltonians. The subscript “+” denotes, as usual, the truncation to non-
negative powers of D. The associated linear system is [41]
[
∂ti+2 − Ωk+1−i
]
·Ψ0 = 0 , (3.4)
together with
L(D, g)Ψ0 =
1
k+2
zΨ0 , (3.5)
where Ψ0 is the Baker-Akhiezer function and z the spectral parameter.
Boundary conditions are imposed via the string equation [L,D] = 1, that is,
D gi = δi,k+2 −→ ξ ≡ tk+2 . (3.6)
† With “KdV hierarchy” we will always mean the type (1, k + 2) generalized KdV hierarchy.
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Since for the topological models D never acts on gi (i 6= k + 2), one may regard
D as a c-number variable, and call it x. The Lax operator turns then into the LG
superpotential of type Ak+1:
W2,k(x, g) = L(D→x, g) . (3.7)
(for convenience, we will writeW (x, g) ≡ (k+2)W2,k in the following). This amounts
to going to the dispersionless limit of the KdV hierarchy [18], where one replaces the
conjugate variables (ξ,D) by (ξ, x) and the commutator in (3.2) by a Poisson bracket,
{Ω,W} ≡ ∂xΩ∂ξW−∂ξΩ∂xW . Note that this limit is exact for the topological models
[3], as long as one restricts to the small phase space. Since ∂ξΩ = 0 on the small phase
space hamiltonians, the flow equations become
− ∂ti+2W (x, g(t)) = ∂xΩk+1−i(x, g(t)) . (3.8)
These equations determine the dependence of the couplings g(t) on the KdV times ti,
which now have the interpretation as flat coordinates on the LG deformation space.
The flat fields, i.e., the perturbed ring elements in a flat basis, are [14]
φi(x, t) = ∂x Ωi+1(x, g(t)) , i = 0, . . . , k . (3.9)
Note that one can define hamiltonians Ωi for arbitrary integers i ≥ 1; these describe
flows associated with the gravitational descendants [32]:
σl(φi)(x, t) = ∂x Ωi+(k+2)l+1(x, g(t)) . (3.10)
The above operators are flat in the sense that the associated Gauss-Manin connection
vanishes [19,20,32].
Note that one can write
W (x, t) = ∂xV (x, t) , (3.11)
so that the flow equations are equivalent to
Ωk+1−i(x, t) = − ∂ti+2V (x, t) . (3.12)
Thus, one may regard the prepotential V as a more fundamental object, and indeed,
V is precisely the potential of the Kontsevich model [43], which is the matrix model
that underlies the topological matter-gravity system.
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3.2. Matrix formulation
In the spirit of the KP hierarchy, one may define [42] a “pseudo-polynomial”,
K =: x+
∑
clx
−l, by
Kk+2(x, x−1, g) = W (x, g) . (3.13)
Accordingly, the LG field, viewed as a multi-valued functional, can be expanded in
an infinite series:
x(W (g)) = K +O(K−1) . (3.14)
In terms of K, the hamiltonians (3.3) are given by
Ωi(x, g) =
1
i
(
Ki(x, x−1, g)
)
+
=: 1
i
Ki +
∞∑
l=1
bil(g)K
−l , (3.15)
where “+” denotes the truncation to non-negative powers of x in the expansion
Ki(x, x−1, g) =: xi +
∞∑
l=2
cil(g) x
i−l . (3.16)
In terms of these quantities, the flow equations (3.8) are equivalent to
∂ti+2 x(g(t)) = ∂ξ Ωk+1−i(g(t)) , (3.17)
which is actually part of the zero curvature system
[
∂ti+2 − Ωk+1−i, ∂tj+2 − Ωk+1−j
]
= 0 (3.18)
(Ω1 ≡ x, ξ ≡ tk+2, i, j = 0, . . . , k). Note that the hamiltonians commute identically.
The above can given a matrix representation in the following way. One first needs
to find a (k+2)× (k+2) dimensional matrix Lax operator
†
such that the first order
Drinfeld-Sokolov system [
D1−L1
]
·Ψ = 0 (3.19)
reproduces, upon recursively solving for the components of Ψ, the spectral equation
(3.5). It is well-known [41] that this operator has the form
L1 = Λ
(z)
1 +Q1(g) , (3.20)
† We will use the term “Lax operator” for the derivative-free piece L1.
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where Λ
(z)
1 can be taken as
Λ
(z)
1 =


0 1 0 . . . 0
0 0 1 . . . 0
...
...
...
. . .
...
0 0 0 . . . 1
z 0 0 . . . 0

 , (3.21)
and where Q1 is usually taken to be a lower triangular matrix that is determined only
up to gauge transformations belonging to the nilpotent subgroup N−.
In the dispersionless limit, the spectral equation (3.5) becomes [W (x, g)−z] Ψ0 =
0, which is the equation that is supposed to be obtained by recursively solving for
the components of Ψ in [x11 − L1]Ψ = 0. Since this is precisely the characteristic
equation of L1, which captures the gauge invariant content of (3.19), it follows that
the matrix itself must satisfy
W (L1, g) = z1 . (3.22)
This “superpotential spectral equation” will prove crucial for our purposes and can
be taken as the definition of L1 in terms of the Landau-Ginzburg superpotential; it
(non-uniquely) determines Q1(g). The gauge freedom can be fixed by going to any
particular gauge. The choice that is most appropriate for us is however not given by
taking Q1, as usual, to be a lower triangular matrix, but by taking Q1 to belong [9]
to the Heisenberg subalgebra generated by Λ
(z)
1 (Q1 is then lower triangular only up
to O(1/z)). That is, we have an infinite expansion
L1(g) = Λ
(z)
1 +
∞∑
l=1
ql(g)(Λ
(z)
1 )
−l , (3.23)
whose coefficients can be computed from (3.22) in a recursive way.
Comparing with (3.14), we see that L1 is a matrix representation of the LG field
x and that Λ
(z)
1 is a matrix representation of K. The defining equation (3.13) of K is
trivially satisfied:
Kk+2 ≡ (Λ
(z)
1 )
k+2 = z1 = W (L1, g) . (3.24)
We can thus interpret the foregoing equations as matrix equations, and it is this form
of the hierarchy that is most useful for our generalization. In particular, the flow
equations are
∂ti+2 Ωk+1−j(g(t)) = ∂tj+2 Ωk+1−i(g(t)) ,
Ωi(L1(g), g) ≡
1
i (Λ
(z)
1 (L1(g),L
−1
1 (g), g))
i
+ , Ω1 ≡ L1 .
(3.25)
Obviously, the flows associated with Ωl(k+2) =
1
l(k+2)
zl1 are trivial, and correspond
to perturbations by the null operators σl(φk+1).
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3.3. Heisenberg algebras and “quantum” chiral rings
We notice that the matrix Λ
(z)
1 (3.21) figuring in the (1, k+2)-type KdV hierarchy
has the same form as the structure constant matrix Λ1 (2.17) of the Ak+1-type chiral
rings (apart from the spectral parameter z). In both cases, the matrix represents a
principally embedded sℓ(2) step generator I+. Note, however, that despite of this
similarity, the hamiltonians Ωi(t) = (Λ
(z)
1 )
i +O(t) that figure in the KdV equations
are (k+2)×(k+2)-dimensional matrices, whereas the ring structure constants Ci(t) =
(Λ1)
i +O(t) are only (k+1)×(k+1) dimensional. The point is that the KdV system
does not only describe the matter sector, but also the null state and gravitational
sector of the theory (which is non-trivial even for trivial matter where k = 0). More
precisely, the perturbed version of (2.16) is
[
x1− C1(t)
]
·Ψ = 0 , (3.26)
and the solution vector components are the flat fields, Ψi ≡ φi(x, t), i = 0, . . . , k. One
the other hand, the KdV linear system (3.19), (3.23) in the dispersionless limit is:
[
x1− Ω1(t, z)
]
·Ψ = 0 . (3.27)
Here one obtains in a recursive manner the flat fields φi, i = 0, . . . , (k + 1), plus all
their gravitational descendants, organized by z-series expansion:
Ψi(x, t, z) =
∞∑
l=0
z−lψi,l(x, t, z) (3.28)
where
ψi,l(x, t, 0) = −∂zψi,l+1(x, t, z) =
1
i+(k+2)l+1
∂x
(
W (x, t)
) i+1
k+2
+l
+
≡ σl(φi)(x, t) .
(3.29)
We thus see that the LG field x can be represented either by the ring structure constant
C1 or (formally) by the KdV Lax operator L1 ≡ Ω1, depending on whether the space
it acts upon is the finite dimensional Hilbert space of the topological matter model,
or the infinite dimensional space of “flat” polynomials σl(φi) of the matter-gravity
system. To obtain the Hilbert space of the matter-gravity system, one needs to mod
out the space of polynomials {σl(φi)} by the null fields, σl(φk+1) ≡ (∂xW )W
l; it is
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therefore precisely the null fields that account for the difference in the dimensions of
the matrices C1 and Ω1.
Our plan is to make use of this correspondence between chiral ring structure
constants Ci and hamiltonians Ωi for the generalization to W -gravity, by relating the
hamiltonians to certain other, higher dimensional chiral rings.
The relevant underlying algebraic structure of the hamiltonians, Ωi ≡ (Λ
(z)
1 )
i
+,
that gives the complete characterization of the KdV flows (including the trivial ones),
is given by
H˜+ ≡
{
(Λ
(z)
1 )
m , m ∈ ZZ+
}
. (3.30)
This is the positive part of the infinite dimensional, maximally commuting principal
Heisenberg subalgebra H ⊂ ŝℓ(k+2) generated by [44,9]
Λ
(z)
1 ≡
( ∑
simple
roots α
Eα
)
+ z E−ψ , (3.31)
where ψ denotes the highest root. Such an extension of a Lie algebra to an affine
algebra, via addition of (−ψ) to the set of simple roots, is well-known to play an
important roˆle in the context of integrable perturbations. Indeed, Λ
(z)
1 is identical to
the chiral ring structure constant C1(z) associated with the following perturbed LG
potential “at one level higher”:
†
W2,k+1(x, tk+2=z, tl=0) =
1
k+3x
k+3 − z x . (3.32)
That is, the underlying algebraic structure, H+, of the Ak+1 matter-gravity integrable
system is that of a specifically deformed chiral ring pertaining to the LG theory Ak+2:
H+ ∼= Rx2,k+1(tk+2=z, tl=0) . (3.33)
Mathematically, the deformation by the spectral parameter z is precisely what deforms
the cohomology ring (2.11) H∗ into the quantum cohomology ring QH∗ [47], whence
H+ ∼= QH∗
∂
(
CPk+1, IR
)
. (3.34)
(The word “quantum” indicates that the deformation of the classical cohomology ring
by the spectral parameter z is precisely the effect of the instanton corrections in a
† This perturbation is known to be quantum integrable and can be described in terms of affine
Toda theory [45,38,46.]
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supersymmetric CPk+1 σ-model. From this viewpoint, the gravitational descendant
sectors correspond to the non-trivial instanton sectors of the σ-model).
Most importantly, the spectral equation (3.5) in the dispersionless limit is pre-
cisely the vanishing relation of the LG theory (3.32) at one level higher,
W2,k(x, 0)−
1
k+2z =
1
k+2 ∂xW2,k+1(x, z) , (3.35)
and this is what is at the heart of the matrix spectral equation (3.22), W2,k(Λ
(z)
1 ) ≡
1
k+2
(Λ
(z)
1 )
k+2 = 1
k+2
z1.
We will take these facts, which are rather trivial here for one LG variable, as
starting points for our generalization.
3.4. Generalization to W3
We are now in the position to formulate, tentatively, a generalization of the
dispersionless KdV hierarchy to several LG variables. As we have seen in section 2.2,
the chiral rings Rxn,k for n > 2 are characterized by taking for Ξ not the defining
representation, but the (n−1)th fundamental representation of SU(n+ k− 1). Thus,
the most direct extension of the KdV system would be to just consider matrix Lax
operators in the corresponding higher fundamental representations of SU(n+ k). As
we will see, this amounts to describe the integrable systems in terms of perturbed
chiral rings at one level higher
⋄
, Rxn,k+1, just like for n=2.
Specifically, focusing on W3 at level k associated with chiral rings R
x
3,k, we consider
the perturbed SU(2) generator
Λ
(z)
1 ≡ Λ1 + zΛ−(k+2) (3.36)
now in the 1
2
(k + 2)(k + 3) dimensional -representation of SU(k + 3). From sec-
tion 2.2 we know that in this representation there exists an additional, independent
ring generator at grade two; requiring it to commute with Λ
(z)
1 , we find
Λ
(z)
2 = Λ2 + z Λ−(k+1) . (3.37)
⋄ Heuristically, one may view this shift k → k + 1 as due to the well-known shift of the ŝℓ(n)
integrable weights by the Weyl vector ρG.
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The generators Λ
(z)
1 ,Λ
(z)
2 are identical to the ring structure constants correspond-
ing to the following LG potential with (integrable) perturbation: W3,k+1(x, z) ≡
W2,k+1(x, tk+3=z, ti=0) − α z x1 (α is some numerical factor that we will neglect in
the following). Using (2.24) we can thus write:
W3,k(x1, x2, 0)−
1
k+3
z = 1
k+3
[ ∂x1 − x1∂x2 ]W3,k+1(x1, x2, z) . (3.38)
This gives us the rationale for considering this construction, since what (3.38) means is
that we have found matrices that satisfy a generalized superpotential spectral equation
W3,k(Λ
(z)
1 ,Λ
(z)
2 , 0) =
1
k+3
z 1 . (3.39)
This is indeed preciseley what we have been looking for: Λ
(z)
1 ,Λ
(z)
2 play the roˆle of
K that represents the (k+2)-th root of the ordinary, dispersionless Lax operator
(cf., (3.24)). In fact, writing down such a matrix equation is non-trivial, since for
large k the superpotential W3,k(Λ
(z)
1 ,Λ
(z)
2 , 0) has an arbitrary number of terms whose
relative coefficients are fixed and correspond to the correct, specific point in the LG
moduli space. Note also that by virtue of (2.6), equation (3.39) can be immediately
generalized to all Wn.
We now introduce LG couplings g(t) according to
W3,k(x, g) = W3,k(x1, x2, 0) −
∑
m1+m2≤k
gm1,m2(t)Φm1,m2(x1, x2) , (3.40)
where Φm1,m2 denotes the unperturbed ring elements (2.26). WritingW ≡(k+3)W3,k,
the spectral equation that generalizes (3.22) then looks
W (L1,L2, g) = z 1 , (3.41)
which involves perturbed Lax operators of the form
L1(g, z) = Λ
(z)
1 +Q1(g) ≡ Λ
(z)
1 +
∑
l,m
q1l,m(g) (Λ
(z)
1 )
−l(Λ
(z)
2 )
−m
L2(g, z) = Λ
(z)
2 +Q2(g) ≡ Λ
(z)
2 +
∑
l,m
q2l,m(g) (Λ
(z)
1 )
−l(Λ
(z)
2 )
−m .
(3.42)
The superpotential spectral equation (3.41) corresponds to the multi-variable ana-
log of the condition W (L1, g)− ≡ (Λ
(z)
1 (L1,L1
−1))k+2− = 0, which implements the
reduction from the KP to the generalized KdV hierarchy.
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In order to obtain flow equations that will ultimately determine the couplings
g(t) as functions of the flat coordinates, we need first to construct appropriate hamil-
tonians. As we will see, the structure of these hamiltonians is considerably more
complicated as before (c.f., (3.25)).
The hamiltonians for a given integrable system are usually directly given in terms
of the underlying Heisenberg algebra: Ω = (H+)+ [9]. However, in the present con-
text, where we consider representations larger than the defining representation, there
exist in general more commuting matrices at a given grade than there are elements of
the Heisenberg algebra at this grade
‡
(e.g., (Λ
(z)
1 )
2 does not belong to H+). A priori,
any commuting matrix may give rise to a valid flow hamiltonian. Therefore, the ap-
propriate algebraic structure to look at is the enveloping algebra H˜+ of the principal
Heisenberg algebra H+ that consists of the complete set of commuting matrices. It
is given by the perturbed chiral ring corresponding to the potential W3,k+1(x1, x2, z)
(3.38)
H˜+ ≡
{
(Λ
(z)
1 )
l1(Λ
(z)
2 )
l2 , li ≥ 0
}
∼= Rx3,k+1(tk+3=z, tl=0) .
(3.43)
To characterize it mathematically, note that in precise analogy to (3.34), this ring is
isomorphic to the “quantum” cohomology ring [47] of the underlying grassmannian:
H˜+ ∼= QH∗
∂
( SU(k+3)
SU(k+1)×SU(2)×U(1) , IR
)
. (3.44)
The structure of H˜+ (3.43) is more complicated than what the notation in (3.43) might
suggest, in that Λ
(z)
1 ,Λ
(z)
2 satisfy non-trivial relations. These relations, among which
is the superpotential spectral equationW (Λ
(z)
1 ,Λ
(z)
2 , 0) = z1, truncate the Fock space
generated by Λ
(z)
1 ,Λ
(z)
2 such that there is only a finite number of different Heisenberg
algebra elements at any given grade. Accordingly, we can write
H˜+ =
⊕
i=1,...,k+3
l∈ZZ+
H˜i;l
H˜i;l =
{
zl ⊗
[
⊕bij=1 Λ
(z)
i,j
]}
bi ≡ dim H˜i;∗ ,
∑
bi = dimΞ ,
(3.45)
‡ This corresponds to “type II hierarchies” in the nomenclature of ref. [9].
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where {Λ
(z)
i,j } denotes the set of Heisenberg algebra elements at grade i. The fact that
bi may be larger than one reflects the possibility of having several degenerate flows at
a given grade. (In the following, we will drop the redundant label l and take i ∈ ZZ+.)
Candidate commuting hamiltonians are given by
Ωi,j(L1(g),L2(g), g) =
(
Λ
(z)
i,j (L1,L1
−1,L2,L2
−1, g)
)
+
,
Λ
(z)
i,j ∈ H˜
+ ,
(3.46)
where the subscript ”+” indicates the truncation to positive powers of both L1 and
L2 in the Laurent expansion of Λ
(z)
i,j . The flow equations can then be written in the
zero curvature form[
Di,j , Di′,j′
]
= 0 ,
Di,j ≡
∂
∂ti,j
−
bk+4−i∑
m=1
Z
(m)
i,j Ωk+4−i,m(g(t)) ,
(3.47)
where Z are normalization constants (we can always put Z
(m)
1,j = δj,1δm,1). Whether
these equations really are meaningful or not is a question that we cannot decide at
this point. However, as we will explain in the next section, the equations have indeed
precisely the correct, unique solutions g(t) for the examples that we checked explicitly.
Note that the degeneracy of the hamiltonians is equal to or larger than the
degeneracy of the ring elements at the corresponding grade, so that the equations are
consistent; this can be deduced from (3.43). If the degeneracy of the hamiltonians Ω
at a given grade is larger than the degeneracy of the corresponding ring elements, then
there should be non-trivial relations between the coefficients Z. This means that the
normalization constants Z should be non-trivially determined by the flow equations
(modulo trivial rescalings of the ti,j), and, as a consequence, that in general not all
Heisenberg algebra elements will generate independent non-trivial flows. The situation
is actually more involved than that, as we will see momentarily.
The extra complication comes from the fact that the single equation (3.41) cannot
fully determine all the coefficients q(g) of the matrices L1,2 simultaneously; for this,
one actually needs to impose still another relation between L1 and L2. To understand
the correct choice of the extra relation, recall what the roˆle of the superpotential
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spectral equation (3.41) is in terms of the hamiltonian flows. The point is that the
superpotential represents a constant hamiltonian
(
Λ
(z)
k+3,1
)
+
= W (L1,L2, g(t))+ = z1 = const , (3.48)
which leads to a trivial flow. This trivial flow is just the flow that is associated with
the null field ∂x1W . It is then clear that the extra relation we need to impose should
correspond to a constant hamiltonian that is related to the other null field, ∂x2W .
This means that the correct extra relation should have the form
Ŵ (L1,L2, ĝ(t)) = const ∈ H˜k+2;0 , (3.49)
where Ŵ has degree k + 2 and whose explicit form is a priori undetermined and is
supposed to be determined from the flow equations (3.47).
The other vanishing relation, ∂x2W3,k+1(Λ
(z)) = 0, that the matrices Λ
(z)
1 ,Λ
(z)
2
satisfy, implies that
(∂x2W3,k+1)(L1(g),L2(g))
∣∣∣
g=0
= 0 , (3.50)
and this means that the expansion of constant Heisenberg algebra elements (3.46),
which yields the hamiltonians, is in general not unique, but rather is determined only
up to terms proportional to ∂x2W3,k+1. For example, the following hamiltonians are
a priori defined only up to certain additional free parameters α:
Ωk+2,j(L1,L2, g, ĝ, α) =
(
Λ
(z)
k+2,j(L1,L1
−1,L2,L2
−1, g, ĝ)
)
+
+ αk+2,j (∂x2W3,k+1)(L1,L2) .
(3.51)
It turns out that, in general, some of the extra parameters α will be fixed by the flow
equations, and the dependence of the hamiltonians on the surviving free parameters
will just reflect the freedom of adding terms proportional to vanishing relations to
the ring elements. That is, if φ(x, t) represents a perturbed chiral ring element in a
flat basis, then φ(x, t) +
∑
pa(x)(∂xaW (x, t)) (for some polynomial p of appropriate
degree) is a flat ring element as well.
The fact that the hamiltonians are not a priori completely defined in terms of
the Heisenberg algebra H˜+, but initially depend on some free parameters Z, α, is in
contrast to the ordinary KdV system, where all hamiltonians (3.10) are completely
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determined in terms of powers of Λ
(z)
1 (up to normalization); this is precisely because
there is just one candidate hamiltonian at any given grade.
As a consequence of these ambiguities, the hamiltonians (3.46) associated with
the gravitational descendants are not completely determined in terms of the small
phase space flow equations. Thus, in order to construct the gravitational descendants,
one needs to consider the corresponding flow equations to fix these parameters. Since
these equations involve couplings to the gravitational descendants, one would need to
step beyond the small phase space and the dispersionless limit. This is beyond the
scope of the present work, and thus we cannot gain insight into the precise structure
of the W -gravitational descendants at this point.
3.5. An example
We like to demonstrate our ideas by presenting as an example the model CPtop2,k
for k = 2. We actually also fully computed the model with k = 1, which is however
not that much interesting, and obtained many terms of the Lax operators of the
model with k = 3 as well. The latter model, though more interesting, turns out to be
technically too involved for us to be solved completely, and we decided to refrain from
writing down the correct, but partial results we got. However, as far as we can see,
the treatment of this k = 3 model is indeed completely parallel to k = 2, except for
the appearance of a dimensionless modulus t0, which is at the origin of the technical
complications.
The reader might object that since the model CPtop2,2 is identical to the twisted
N =2 minimal model of type D6, the example will not be very meaningful, and also
that it has been already discussed in the literature [14,48,49]. However, this model
really is a true N=2 W3 minimal model with a non-zero spin-3 current, and exhibits
non-trivial degenerate, extra flows precisely according to the scheme that we have in
mind. Moreover, our treatment of this model is quite different from the treatment in
the literature, where the variable x2 is eliminated at the expense of introducing terms
proportional to (x1)
−1; this is reflected in the appearance of inverse powers of D in
the differential scalar Lax operator [41,50,51].
†
In our approach we do not eliminate
† Such inverse powers in scalar Lax operators derived from [x1−I+−Q1(g)]Ψ = 0 occur whenever
the representation Ξ is reducible under the principal SU(2) subgroup S [50]. In our approach,
negative powers do not arise due to the additional equations [xp − Λp −Qp(g)]Ψ = 0, p > 1.
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x2, and this is precisely how our treatment of the model CP
top
2,2 captures the essence
of our construction, which is supposed to work for all k in an analogous way.
The Heisenberg algebra H˜+ that is relevant for the model CPtop2,2 coupled to
topological W -gravity (with potential W3,2(x, z, 0) =
1
10x1
5 − 12x1x2
2 − 45z) is given
by the perturbed chiral ring Rx3,3(t5 =
8
5
z) of CPtop2,3 , with potential W3,3(x, z, 0) =
1
3x2
3 − x1
4x2 − 2x1
2x2
2 − 85z x. This ring is associated with the ten dimensional
representation of SU(5) and is generated by
Λ
(z)
1 =


0 1 0 0 0 0 0 0 0 0
0 0 1 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 1 1 0 0 0 0
0 0 0 0 0 0 1 1 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
z 0 0 0 0 0 0 0 1 0
0 z 0 0 0 0 0 0 0 1
0 0 0 z 0 0 0 0 0 0


, Λ
(z)
2 =


0 0 1 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 1 0 0
0 0 0 0 0 0 1 0 0 0
z 0 0 0 0 0 0 0 0 0
z 0 0 0 0 0 0 0 1 0
0 z 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 1
0 0 z 0 0 0 0 0 0 0
0 0 0 0 z z 0 0 0 0


,
We have bi = 2, and a basis for the enveloping algebra H˜ is
Λ
(z)
1,1 = Λ
(z)
1
Λ
(z)
1,2 =
1
z (Λ
(z)
1 )
2(Λ
(z)
2 )
2
Λ
(z)
2,1 = Λ
(z)
2
Λ
(z)
2,2 = (Λ
(z)
1 )
2
Λ
(z)
3,1 =
1
2 [(Λ
(z)
1 )
3+3Λ
(z)
1 Λ
(z)
2 ]
Λ
(z)
3,2 =
1
2 [(Λ
(z)
1 )
3 − Λ
(z)
1 Λ
(z)
2 ]
Λ
(z)
4,1 = −
1
2 [(Λ
(z)
1 )
2Λ
(z)
2 +(Λ
(z)
2 )
2]
Λ
(z)
4,2 = −
1
2 [(Λ
(z)
1 )
2Λ
(z)
2 −(Λ
(z)
2 )
2]
Λ
(z)
5,1 =
1
8 [(Λ
(z)
1 )
5 − 5Λ
(z)
1 (Λ
(z)
2 )
2] = z 1
Λ
(z)
5,2 =
1
2 [(Λ
(z)
1 )
3Λ
(z)
2 − 3Λ
(z)
1 (Λ
(z)
2 )
2] ,
(3.52)
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which is complete up to arbitrary powers of the spectral parameter z (we use the
convention that Λ
(z)
i,1 ∈ H ⊂ ŝℓ(5) for i = 1, . . . , 4). Accordingly, the Lax operators
can be expanded as
L1(g, ĝ, z) = Λ
(z)
1 +
5∑
i=1
2∑
j=1
q1i,j(g, ĝ, z) Λ
(z)
i,j ∈ H˜
L2(g, ĝ, z) = Λ
(z)
2 +
5∑
i=1
2∑
j=1
q2i,j(g, ĝ, z) Λ
(z)
i,j ∈ H˜ .
(3.53)
The coefficients q depend on the coupling constants g, ĝ that figure in the superpo-
tential
W (x1, x2, g(t)) =
1
10x1
5 − 12x1x2
2 − g1(t)x1
4 − . . .− g∗(t)x2 − g5(t) , (3.54)
and in the extra relation
Ŵ (x1, x2, ĝ) = ĝ
(1)
0 x1
4 + ĝ
(2)
0 x1
2x2 + ĝ
(3)
0 x2
2 + ĝ1(t)x1
3 − . . .− ĝ4(t) (3.55)
(we choose here as ring basis not the one given in (2.26), but the basis used in
[14,48,49]). It turns out that writing the Lax operators and other hamiltonians in
terms of a large number of unknowns takes an enormous amount of space. Therefore,
we will write all these quantities directly in terms of the solutions g(t). We will
in addition suppress the dependence on the parameter t1, which is not important for
demonstrating the existence of consistent, non-trivial degenerate flows. We emphasize,
however, that we did make the most general ansatz and indeed found flat coordinates
as unique
†
solution of the flow equations.
Written in terms of the flat coordinates, the superpotential spectral equation is
W (L1,L2, t) =
1
10
L1
5 − 1
2
L1L2
2
− t2L1
3 − t3L1
2 + 12
(
3t2
2 − 2t4
)
L1 − t∗L2 + t2t3 − t5
= 4
5
z 1 .
(3.56)
The extra relation, as determined by the flow equations, turns out to be
Ŵ (L1,L2, t) =
3
16L1
4 − 38L1
2L2 −
1
16L2
2
− 1
8
t2L1
2 + 1
8
t2L2 − t∗L1 +
3
16
t2
2 − t4
2
= Λ
(z)
4,1 +
5
4Λ
(z)
4,2 .
(3.57)
† Unique up to the freedom of adding trivial vanishing relations to the flat ring elements.
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These equations imply for the coefficients q(t, z) in (3.53):
q11,1 =
1
2z (4t2t3 − 2t5 + 13t2t∗) +O(z
−2)
q11,2 = −
1
4z
(9t2t3 − 7t5 + 43t2t∗) +O(z
−2)
q12,1 =
1
8z
(
26t2
2 + 9t4
)
+O(z−2)
q12,2 =
1
8z
(
8t2
2 + 3t4
)
+O(z−2)
q13,1 = −
1
4z
(2t3 − t∗) +O(z
−2)
q13,2 =
1
4z t3 +O(z
−2)
q14,1 =
1
z t2 −
1
16z2
(
709t2
2t3 + 27t3t4 − 112t2t5 + 1011t2
2t∗ + 99t4t∗
)
+O(z−3)
q14,2 =
1
16z2
(
486t2
2t3 + 21t3t4 − 64t2t5 + 612t2
2t∗ + 59t4t∗
)
+O(z−3)
q15,1 = −
1
64z2
(
2360t2
3 + 21t3
2 + 488t2t4 − 278t3t∗ + 17t∗
2
)
+O(z−3)
q15,2 = −
1
64z2
(
1096t2
3 + 19t3
2 + 232t2t4 − 130t3t∗ + 7t∗
2
)
+O(z−3)
(3.58)
and
q21,1 =
1
4z
(
240t2
3 + 3t3
2 + 56t2t4 − 23t3t∗ + t∗
2
)
+O(z−2)
q21,2 = −
1
16z
(
1480t2
3 + 3t3
2 + 336t2t4 − 142t3t∗ + 7t∗
2
)
+O(z−2)
q22,1 = −
1
4z (20t2t3 − 9t5 + 48t2t∗) +O(z
−2)
q22,2 =
3
4z (t5 − 4t2t∗) +O(z
−2)
q23,1 = −
1
4z
(
25t2
2 + 4t4
)
+O(z−2)
q23,2 =
1
4z
(
9t2
2 + 2t4
)
+O(z−2)
q24,1 = −
1
z t∗ +O(z
−2)
q24,2 =
1
2z
(3t3 − t∗) +O(z
−2)
q25,1 =
1
16z2
(
1469t2
2t3 + 87t3t4 − 244t2t5 + 2019t2
2t∗ + 151t4t∗
)
+O(z−3)
q25,2 = −
1
z t2 +
1
16z2
(
589t2
2t3 + 33t3t4 − 116t2t5 + 919t2
2t∗ + 69t4t∗
)
+O(z−3)
(3.59)
The flow equations (3.47) can be written as (I ≡ (2, . . . , 5, ∗), Ω6−∗ ≡ Ω∗):
∂tIΩ6−J (L1(t),L2(t), t) = ∂tJΩ6−I(L1(t),L2(t), t) , (3.60)
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and are satisfied by the matrix-valued hamiltonians ΩI ≡ ΩI(L1(t),L2(t), t):
Ω1 =
(
Λ
(z)
1,1
)
+
= L1
Ω2 =
(
1
2Λ
(z)
2,1
)
+
= 12L2
Ω3 =
(
1
6Λ
(z)
3,1 +
1
2Λ
(z)
3,2
)
+
= 13L1
3 −L1t2 −
5
8 t3 −
1
8 t∗
Ω∗ =
(
1
6
Λ
(z)
3,1 −
3
2
Λ
(z)
3,2
)
+
= L1L2 −
2
3
L1
3 + 15
8
t∗ −
1
8
t3
Ω4 =
(
1
2
Λ
(z)
4,1 +
3
4
Λ
(z)
4,2
)
+
+ α1
(
Λ
(z)
4,1 +
5
4
Λ
(z)
4,2
)
= 316L1
4 + 18L1
2L2 −
1
16L2
2 + 3116 t2
2 − 98 t2L1
2 − 38 t2L2 − t3L1
+ α1Ŵ (L1,L2, t) .
(3.61)
Note that Ω3,Ω∗ represent two degenerate flows, as advertised, and that α1 is a free
parameter which corresponds to the freedom of adding a constant matrix to Ω4.
3.6. Prepotential and scalar Lax system
So far we considered the flow equations in matrix form, cf., (3.25), (3.47). There
is also a scalar version of these equations, which is obtained by replacing Li by the
LG fields xi. Because of the dependence of Li on the coordinates t, the form of the
scalar equations is different from their matrix versions.
We find for the examples for W3-gravity that we computed explicitly a structure
that is very similar to the one of ordinary gravity. For instance, for the k = 2 model
discussed in the previous section (and similarly for the other examples), we find that
the scalar Lax system can be written as:
−∂tIW (x1, x2, t) =
{
Ω6−I(x1, x2, t), W
}
−∂tIŴ (x1, x2, t) =
{
Ω6−I(x1, x2, t), Ŵ
}
,
(3.62)
with the Poisson bracket{
Ω , L
}
≡ [(∂t5Ω)(∂x1L)− (∂x1Ω)(∂t5L)]
+2 [(∂t4Ω)(∂x2L)− (∂x2Ω)(∂t4L)] .
(3.63)
This corresponds to two pairs of conjugate variables, (t5, x1) and (t4,
1
2x2). The
equations (3.62) can be viewed as the dispersionless limit of a differential scalar system
of the form
−∂tIL(D1, D2, t) =
[
Ω6−I(D1, D2, t), L
]
−∂tI L̂(D1, D2, t) =
[
Ω6−I(D1, D2, t), L̂
]
,
(3.64)
− 27 −
if one imposes as string equations
D1 t5 = 1
D2 t4 = 2 .
(3.65)
Presumably, the system (3.64) gives the complete characterization of the W3-matter-
gravity model beyond the small phase space.
The terms in (3.62) that are proportional to ∂xiW precisely cancel out the de-
pendence on the free parameter α1 in the hamiltonian Ω4 (3.61). If one puts this
parameter to zero, one can write the scalar equations in a simpler form:
−∂tIW (x1, x2, t) = (∂x1 + 2x1∂x2) Ω6−I(x1, x2, t)
−∂tIŴ (x1, x2, t) = ∂x2 Ω6−I(x1, x2, t)
(3.66)
which is the two-variable generalization of (3.8). The first equation gives the flat fields
φ5−I ≡ −∂tIW directly in terms of the hamiltonians.
Note that the equations (3.66) are precisely the integrability conditions for the
existence of a prepotential V with
W (x, t) = (∂x1 + 2x1∂x2)V (x, t)
Ŵ (x, t) = ∂x2V (x, t)
ΩI(x, t) = − ∂t6−IV (x, t) ,
(3.67)
which is given by:
V (x, t) = 316x1
4x2 −
11
240x1
6 − 316x1
2x2
2 − 148x2
3 − 316 t2x1
4 − 18 t2x1
2x2
+ 916 t2
2x1
2 + 116
(
3t2
2 − 8t4
)
x2 + (t2t3 − t5)x1 −
1
3 (t3 − 2t∗)x1
3
− t∗x1x2 +
1
16
t2x2
2 + 5
16
t3
2 − 31
48
t2
3 + 1
8
t3t∗ −
15
16
t∗
2 .
(3.68)
The fact that
−∂t5V = x1
−∂t4V =
1
2
x2
(3.69)
just expresses that (t5, x1) and (t4,
1
2
x2) are conjugate pairs. Moreover, note that the
scalar spectral equations can be thought of as variations of the prepotential:
δr V (x, t) = 0 , (3.70)
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where
δ1 = ∂x1 + 2x1∂x2
δ2 = ∂x2
(3.71)
are nothing but Killing vectors of the “W3-plane” [52]. This hints at an interesting
underlying geometrical structure.
It is fascinating to speculate that, in analogy to ordinary gravity (3.11), V might
be the potential of an appropriate underlying, generalized two-matrix Kontsevich [43]
(or Kazakov-Migdal [53]) model.
4. Discussion and Outlook
We proposed in this paper a construction of integrable systems that extends the
dispersionless, (1, k + 2) type generalized KdV hierarchy to several variables xi. We
focused mainly on two variables, which corresponds to topologicalW3-gravity coupled
to matter, but it is pretty obvious how to generalize this to M variables.
A key point was to represent the superpotential spectral equations as matrix
relations:
W (L1,L2, . . . , g) = z 1 (4.1)
(these equations are the multi-variable analogs of the constraint that implements the
reduction from the KP to the KdV hierarchy). That these matrix relations happen
to be identical to chiral ring vanishing relations of certain other LG theories was very
convenient and allowed us to realize them in terms of known chiral ring structure
constants. Accordingly, the hamiltonians can be constructed in terms of the chiral
rings of these other LG theories, which are “at one level higher”. In practice, one
considers Drinfeld-Sokolov matrix systems associated with the (n−1)-th fundamental
representation of SU(n+k) (for modelsM
(n)
1,n+k). In such representations, there exist
in general more commuting matrices at a given grade than there are powers of the
sℓ(2) step generator, Λ1, and this leads to the possibility of having more commuting
flows as compared to the ordinary generalized KdV hierarchy.
In mathematical terms, the underlying algebraic structure of the relevant Heisen-
berg algebras is that of “quantum” cohomology rings of grassmannians, H˜+ ∼=
QH∗
∂
( SU(n+k)SU(n−1)×SU(k+1)×U(1) , IR), and the superpotential spectral equations (4.1) are
specific relations in these rings.
− 29 −
So far, W -algebras were most often discussed [54] in the context of ordinary
gravity coupled to matter and not in the context of higherWn-gravities. For ordinary
topological gravity coupled to matter, which is described by the model CPtop1,k , the
basic underlying structure is the one of Fig.1, which is essentially the positive affine
weight space of ŝℓ(2). The picture may simultaneously represent the chiral ringRx,σ2,k of
the topological LG model, the spectrum of KdV hamiltonians L
(i+1)/(k+2)
+ , theWk+2-
constraints of the matrix model, and also the classical Wk+2 Poisson bracket algebra
of the KdV hierarchy (note that these classical W -algebras have nothing to do with
W -gravity.) The important point is that all these objects are not truly independent,
but live in the enveloping algebra of a single generator (which is, morally speaking,
given by an sℓ(2) step generator).
The generalization to Wn-gravity coupled to matter discussed in the present
paper proceeds in an orthogonal direction and is essentially a generalization to M
independent generators, whereM≡n−1 counts the number of independent generators
of the Wn algebra. The situation for n=3 can be schematically depicted as in Fig.2.
That is, M also counts the number of independent LG fields (which generate the
chiral rings Rxn,k), the number of gravitational descendant generators σi, the number
of independent N =2 Wn supercurrents that generate the chiral algebra of the coset
models CPtopM,k, the number of Heisenberg algebra generators Λ
(z)
i and the number of
independent derivatives in the differential scalar Lax operators L(Di) (cf., (3.64)).
Moreover, we conjecture that there exist generalized Kontsevich [43], or Kazakov-
Migdal [53] type matrix models that give an equivalent description of the Wn-matter-
gravity theories, where M is the number of matrices. These models are supposedly
defined in terms of prepotentials V like (3.68). If this were true, one would have a
matrix model description for at least some models that are directly relevant for string
compactification (in particular, the models CPtop4,15,CP
top
5,9 and CP
top
6,7 have c=9).
What these M generators have in common is that they are graded like the ex-
ponents (1, 2, 3, ...,M) (sometimes shifted by one or two units), and this is ultimately
inherited from the principal embedding sℓ(2) →֒ sℓ(n). We believe that our findings
can be generalized to other embeddings of sℓ(2) into Lie algebras, which would give
rise more general kinds of gradations.
A generalization of Drinfeld-Sokolov systems with different than principal grada-
tions was considered before by refs. [9,55], and one might ask about the relationship of
this to our work. Indeed one may view the generators Λi, when taken in some higher
fundamental representation, also as generators in the fundamental representation of
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some larger group with appropriately chosen gradation s (where I0 =
∑
siλi · H).
For example, the matrices in (2.22), which represent Λ1 and Λ2 in the 10 dimen-
sional representation of SU(5) with principal gradation s = (1, 1, 1, 1), can also be
interpreted as matrices in the fundamental representation of SU(10) with gradation
s = (1, 1, 0, 1, 0, 1, 0, 1, 1). However, the total grade,
ds = Ns(z∂z) +
∑
siλi ·H ,
involves in addition the grade of the spectral parameter z, which is given by Ns = 1+∑
si (for SU(m)). Obviously, the grade of the spectral parameter in our construction
(in the example, [z] = 5) is different from the corresponding grade of [9] ([z] = 7). This
means that the matrices Λ
(z)
i cannot be the same in the two approaches (although
they agree for z = 0), and that the Heisenberg algebras differ. It would be interesting
to see how the work of [9] can be generalized such as to include the construction
discussed in the present paper.
We approached the problem of integrable systems pertaining to W -gravity from
a very specific viewpoint, namely by relating dispersionless Lax operators with certain
chiral rings. It is quite clear that we just barely scratched the surface, and many im-
portant questions are left unanswered. Among these open problems is a proof that our
method works in general and indeed describes topological W -gravity including gravi-
tational descendants, and this would probably require to first develop an appropriate
kind of intersection theory of the correlation functions.
Furthermore, one would also like to go beyond the dispersionless limit, in order
to describe more general, non-topological models of type (p, q). As indicated in sec-
tion 3.6, this would amount to introducing an independent, commuting derivative for
each LG field, such that the Kazama-Suzuki superpotential turns into a differential
Lax operator: W (x1, x2, . . . , xM , g)→ L(D1, D2, . . . , DM , g). This scalar differential
operator would be associated to a matrix system of the form
[
D11−L1(g)
]
·Ψ = 0[
D21−L2(g)
]
·Ψ = 0
...[
DM1−LM (g)
]
·Ψ = 0 ,
(4.2)
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with Lp(g) = Λ
(z)
p + Qp(g), in generalization of (2.16) and (3.19). The appearance
of several kinds of derivatives would be a direct manifestation of W -geometry, via
association with coordinates in a “W -superspace”, i.e., D1 → ∂z1 = L−1, D2 → ∂z2 =
(W3)−2, and so on.
We believe that the ideas presented in this paper can be applied to a variety of
related problems, presumably to all problems that are based on the principal subgroup
SU(2), signalled by the appearance of the familiar matrix (2.17). For example, we
expect that the construction of singular vectors of the Virasoro algebra given in [56]
can be adapted to W -algebras by making use of equations similar to (4.2).
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